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Answer question 1 and any four from the rest.

(1) State true or false. Justify your answers.
(a) There exists a real matrix A of odd order such that A2 = −I.
(b) Let A be an n × n matrix. If Ak = 0 for some k ∈ N, then In + A is
invertible.
(c) Let A be an m× n matrix, m < n. The space of solutions of the linear
system AX = 0 has dimension at least n−m.
(d) Let T : R2 −→ R2 be the linear operator

T (x, y)t = (y, 0)t.

Then R2 = Im(T )⊕Ker(T ).
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(2) Let T be the linear operator on R3 defined by

T (x1, x2, x3)t = (3x1 + x3,−2x1 + x2,−x1 + 2x2 + 4x3)t.

(a) What is the matrix of T with respect to the standard ordered basis for
R3?
(b) What is the matrix of T with respect to the ordered basis
{(1, 0, 1), (−1, 2, 1), (2, 1, 1)}.
(c) Prove that T is invertible and give an expression for T−1 (as is given
for T ).

(3+7+10)

(3) (i) Show that there is a bijective correspondence between bases of Fn and
elements of GLn(F ), where F is any field. Hence compute the order of
GLn(Fp).
(ii) Show that index of SLn(Fp) in GLn(Fp) is p− 1.

(15+5)

(4) (a) Find the rank of the matrix A =


1 1 2 3
4 3 5 16
6 6 13 13
14 12 23 45

.

(b) Find vectors X0 and Y such that any solution of the equation

AX =


0
2
−1

3

 ,
where A is the matrix in (a), can be expressed in the form: X0 +λY where
λ ∈ R.

(6+14)
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(5) (i) Let T : V −→ V be a linear operator on a vector space of dimension
2. Assume that T is not multiplication by a scalar. Prove that there is a
vector v ∈ V such that (v, T (v)) is a basis of V , and describe the matrix of
T with respect to that basis.
(ii)Show that if the sum of the entries in each row of a square matrix A is
1, then 1 is an eigen value of A.

(8+12)

(6) (a) Let W be the vector space of all n×n real matrices whose trace is zero.
Find a subspace W ′ of Rn×n so that Rn×n = W ⊕W ′.
(b) Let V be a vector space over an infinite field F . Prove that V is not
the union of finitely many proper subspaces.

(8+12)


